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Gain-Scheduled Control: Relaxing Slow Variation
Requirements by Velocity-Based Design

Douglas J. Leith¤ and William E. Leithead†

University of Strathclyde, Glasgow, England G1 1QE, United Kingdom

This paper investigates the application of the gain-scheduling approach to � ight control tasks, where the condi-
tionsrequired by conventionaltechniques need not be satis� ed. The conditionsrequired by conventionaltechniques
are progressively relaxed, and the design of gain-scheduled controllers under a range of conditions is addressed.
In particular, the paper considers gain-scheduled control design in situations where the vehicle is maneuvering
aggressively far from equilibrium, the airspeed need not be slowly varying, and/or scheduling on the instantaneous
incidence angle is required.

Nomenclature
CL = aerodynamic force coef� cient
CM = aerodynamic moment coef� cient
c = characteristicdistance (0.228 m)
f = 180/ p
Iyy = pitching moment of inertia

(247.437 kg m2 )
M = pitching moment, N
M̄ = Mach number
M a ( q 0) = (1/ Iyy)(@M / @a ) j q 0

M d ( q 0) = (1/ Iyy)(@M / @d ) j q 0

m = mass of the missile (204.02 kg)
q = body axis pitch rate, rad/s
q̄ = dynamic pressure,12 q V 2

r, u, m = system inputs
S = characteristic area (0.0409 m2 )
V = airspeed, m/s
x, w, xi , = state-vectors
wi , x , z
y = system output
Z = normal force, N
Z a ( q 0) = (1/ mV )(@Z / @a ) j q 0

Z d ( q 0) = (1/ mV )(@Z / @d ) j q 0

a = angle of incidence, rad
D (and = perturbationquantity (e.g.,
sometimes d ) D q =q ¡ q0)
d = effective elevator de� ection, rad (d

can represent the combined action
of several control surfaces rather
than simply the elevator alone)

e (with various = residual terms
subscripts)
g z = normal acceleration,m/s2

p = indexes equilibrium points of
missile

p 0 = speci� c equilibrium point
q = air density
½ = scheduling variable
½0 , d 0 , q0 , = values of ½, d , q , a , and g z at the
a 0, g z0 equilibrium point p 0

Ã = estimated quantity

Ç = d/ dt
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I. Introduction

G AIN-SCHEDULING control is widely employed in � ight-
control applications, where high performance has to be

achieved over a broad operating envelope. In the gain-scheduling
design approach (see, for example, Refs. 1 and 2) a nonlinear con-
troller is constructedby continuouslyinterpolating,in some manner,
between the members of a family of linear controllers. Each linear
controller is, typically, associated with a speci� c equilibrium op-
erating point of the aircraft and is designed to ensure that, locally
to the equilibrium operating point, the performance requirements
are met. By employing a series expansion linearizationthat, locally
to the equilibrium operating point, has similar dynamics to the air-
craft, linear techniquescan be used to resolve this local design task.
Continuity is, therefore, maintained with established linear design
techniques for which a considerable body of experience has been
accumulated.

Although the traditionalgain-schedulingapproach just described
is extremelysuccessfulin most � ight-controlapplications,3 conven-
tional theoretical techniques for analyzing the dynamics of gain-
scheduled systems are poorly developed and provide little support
for the gain-scheduling design approach.4 Moreover, the trend is
toward aircraft and missile con� gurations, where the conventional
gain-schedulingconditionsmay not always be satis� ed (see, for ex-
ample, Refs. 5 and 6). Gain-scheduled controllers are traditionally
designed on the basis of the dynamics relative to a family of trim
conditions assuming that the airspeed is slowly varying. However,
during aggressive maneuvering, the vehicle may be far from equi-
librium with rapidly varying airspeed (Ref. 3, p. 523). In addition,
the requirement to operate at high angles of attack can necessitate
scheduling on instantaneous incidence angle rather than, for exam-
ple, conventional � ap scheduling on averaged incidence (Ref. 3,
p. 523). There is, consequently, interest in the literature in alterna-
tive nonlinear control design approachessuch as dynamic inversion
(see, for example, Refs. 5 and 7). However, owing to the substantial
body of experiencethat has been accumulatedwith gain-scheduling
methods both with regard to meeting performancerequirementsand
also such practical issues as safety certi� cation, there is a strong in-
centive to retain the gain-schedulingapproach.The aim of thispaper
is, therefore,to investigatetheapplicationof thegain-schedulingap-
proach to � ight-control design tasks when the conditions required
by conventional techniques need not be satis� ed.

The velocity-basedanalysis and design framework, recently pro-
posed in Refs. 4, 8, and 9, associates a linear system with every
operating point of a nonlinear system, not just the equilibrium op-
erating points. This approach thereby relaxes the restriction to near
equilibrium operation while maintaining the continuity with linear
methods, which is a principle advantage of the conventional gain-
scheduling approach. Moreover, the velocity-based approach does
not inherently involve a slow variation requirement unlike the con-
ventionalgain-schedulingapproach,which requiresa slow variation
restriction to keep the system close to the equilibrium operating
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points. It therefore provides a natural and uni� ed framework for
gain-schedulinganalysis and design, which addresses many of the
shortcomings of conventional gain-schedulinganalysis and design
and is an appropriateframeworkwithinwhich to study the relaxation
of the restrictionsassociatedwith the conventionalgain-scheduling
approach.

The paper is organized as follows. In Sec. II, a missile example
is described that motivates the later discussion. The velocity-based
gain-schedulingapproach is brie� y summarized in Sec. III and ap-
plied to the missile example in Sec. IV to study the in� uence on
the controller of progressively weaker assumptions regarding the
rate of variation of the scheduling variable. The conclusions are
summarized in Sec. V.

II. Motivating Example
Consider a missile (similar to that studied by Nichols et al.10 and

Shamma and Cloutier11) with longitudinal dynamics

Çq = M / Iyy , Ça = Z / mV + q, g z = Z / m (1)

with

Z = q̄ SCL , M = q̄ ScCM (2)

Considerationis restrictedto theglidephaseof themissile trajectory,
where the mass is constant and thrust is not applied. The aerody-
namic force and moment coef� cients, for Mach numbers between
1 and 4, are

CL = ( ¡ 0.4 + 0.033M̄) f a ¡ 0.034 f d

CM = ¡ 0.3 f a ¡ 0.206 f d (3)

The pitch rate and the normal acceleration are measured, but the
angle of incidence cannot be reliably measured. The requirement is
to design a controller for the skid-to-turn missile, which achieves
a uniform normal acceleration step response over the entire � ight
envelopewith a rise time (to 95% of � nal value) of around 0.3 s and
overshoot less than 25%. Although this is, of course, not a complete
performance speci� cation, it is adequate for the present study.

The conventional gain-scheduling design approach requires ap-
propriatelinearizationsof the dynamics that approximate, locally to
speci� c equilibrium� ight conditions,the nonlineardynamic behav-
ior of the missile. Let the equilibrium operating points be param-
eterized by ¼, for example, [ d V q̄ M̄]T . Adopting the standard
short-period approximation (see, for example, Ref. 3, p. 78, and
Ref. 12), assume that, locally to a speci� c equilibrium operating
pointat which¼ equals¼0 , thevariationsin the forwardvelocity,dy-
namic pressure, and Mach number associatedwith the pitch motion
are negligible. The nonlinear dynamics of the missile [Eq. (1)] can
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then be approximated, locally to the speci� c equilibrium operating
point ¼0 , by the series expansion linearization

D Çq = M a (½0) D a + M d (½0) D d

D Ça = Z a (½0) D a + Z d (½0) D d + D q (4)

D g Z = Z a (½0)V (½0) D a + Z d (½0)V (½0) D d (5)

together with the input, output, and state transformations

D d = d ¡ d 0 , q = q0 + D q, a = a 0 + D a

g Z = g Z0 + D g Z (6)

where ½ = [V q̄ M̄]T and ½0 , d 0 , q0 , a 0, and g Z0 are, respectively,
the values of ½, d , q, a , and g Z at the equilibrium operating point
¼0 and

M a (½0) =
1

Iyy
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@a
q 0

, M d (½0) =
1
Iyy
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@d
q 0

Z a (½0) =
1
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q 0
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1
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@d
q 0

(7)

Differentiating,Eq. (4) can be reformulatedas the linearshortperiod
equation

D ¨a ¡ Z a (½0) D Ça ¡ M a (½0) D a = M d (½0) D d + Z d (½0) D Çd (8)

Because the magnitude of Z d is much less than the magnitude of
M d (speci� cally, j Z d / M d j is less than 0.003 over the entire � ight
envelope), Eq. (8) can, for control design purposes, be simpli� ed to

D ¨a ¡ Z a (½0) D Ça ¡ M a (½0) D a = M d (½0) D d (9)

which is valid locally to the speci� c equilibriumoperatingpoint ¼0.
Hence, the linearized plant dynamics at the equilibrium operating
point ¼0 are described by Eqs. (9) and (5) together with the input,
output, and state transformations [Eqs. (6)]. Although the input,
output, and state transformations [Eqs. (6)] are different at every
equilibrium operating point, the linearized dynamics [Eqs. (9) and
(5)] are the same at equilibriumoperating points for which ½ equals
½0 . Hence Eqs. (9) and (5) de� ne a linear dynamic family parame-
terized by ½.

For each member of the linear family, Eqs. (9) and (5), a lin-
ear controller is designed to meet the performance speci� cation.
A cascaded inner-outer loop controller con� guration is employed
with an attitude inner loop and a normal acceleration outer loop
(see Appendix A for details). The resulting linear controller family,
expressed in state-space form, is
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Fig. 1 Nonlinear controller realization A.

where D g Zd is the perturbation in the demanded normal accelera-
tion and K1 =2500, K2 = 70, wn =10 rad/s, and f =0.7. Because
the controllers are designed on the basis of the linearization of the
missile dynamics at trim � ight conditions, the linear controllers act
on perturbedquantities.The input, output,and state transformations
relating the perturbed quantities to their measured counterparts de-
pend on the speci� c equilibrium� ight conditionconsidered.Hence,
a family of input, output, and state transformations, parameterized
by the equilibrium� ightcondition,is also associatedwith the family
of linear controller transfer functions.

The family of linear controllers is parameterizedby ½, that is, by
the airspeed, dynamic pressure, and Mach number of the missile.
Perhaps the most widespread approach to constructing a nonlinear
controller realization is to simply substitute these scheduling vari-
ables into the linear controller family [Eqs. (10) and (11)] that is,
simply vary the gains of the controlleraccordingto the airspeed,dy-
namic pressure, and Mach number (see, for example, Ref. 3, p. 298,
and Refs. 10 and 12) while relyingon the feedbackaction to accom-
modate the input, output, and state transformations. The resulting
nonlinearcontroller,denoted controller realizationA, is depicted in
Fig. 1. The response, obtained using nonlinear simulations, of the
nonlinearcontroller to a sequence of step demands in normal accel-
eration is shown in Fig. 2 (the Mach number time history, shown in
Fig. 3, is employed.Only a very simple representationof the missile
is employed, and, in particular, the translational dynamics are not
modeled. The airspeed, dynamic pressure, and Mach-number time
historiesare generatedby auxiliaryequations in a manner similar to
Ref. 10. Nevertheless, the model is suf� cient to illustrate the depen-
dence of the closed-loop dynamics on the rate of variation of these
quantities). Evidently, the nonlinear controller achieves the perfor-
mance speci� cation of a uniform normal accelerationstep response
over the � ight envelopewith rise time of around 0.3 s and overshoot
less than 25%.

The conventional gain-schedulingapproach followed in the pre-
ceding discussiondoes not uniquelyde� ne the nonlinearcontroller.
State-space representationsof a linear controller, which are related
by a nonsingularlinear state transformation,are linearly equivalent,
that is, they have the same transfer functions.Hence, each member
of the family of linear controllers[Eqs. (10) and (11)] has in� nitely
many state-space representations.For example, an alternative con-
troller family is
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Fig. 2 Performance of nonlinear controllers.

Fig. 3 Mach-number time history.
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Fig. 4 Nonlinear controller realization B.
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The linear family, [Eqs. (12) and (13)], employs a different choice
of state from Eqs. (10) and (11). However, it is emphasized that the
membersof the familiesof linearcontrollersde� nedbyEqs .(10) and
(11) and Eqs. (12) and (13) are dynamically equivalent, that is, they
have the same transfer functions. In this example the linear family,
[Eqs. (12) and (13)], is obtained by simply altering the location of
controller outer-loopgain, which in realization A is scheduled.The
nonlinear controller realization constructed by directly scheduling
the controller gains of the linear family [Eqs. (12) and (13)] with
respect to airspeed, dynamic pressure, and Mach number, denoted
controller realization B, is depicted in Fig. 4. The response of this
nonlinear controller to a sequence of step demands in normal ac-
celeration is also shown in Fig. 2. Evidently, the performance of
nonlinear controller realizationsA and B is markedly different. Al-
though the nonlinear controllerwith realization A achieves the per-
formance speci� cation, the response with the nonlinear controller
with realizationB fails to satisfy the rise time and overshootspeci� -
cation. Indeed, with this controller realization the response is quite
oscillatory and, perhaps, divergent.

Clearly, the performance attained in this example is sensitive to
the choice of controller realization.Because the controllers are dif-
ferent realizations for the same family of linear controller transfer
functions, the dynamic behavior, and consequently the closed-loop
performance, of the controllers is similar when the schedulingvari-
able varies suf� ciently slowly (trivially, when the rate of change is
zero). However, because the airspeed, dynamic pressure, and Mach
number are directly related to the normal acceleration of the mis-
sile, the variations in the schedulingvariablesare not a priori slowly
varying relative to the dynamics of the controller, in particular,with
respect to the dynamics of the accelerationouter-loopcontroller (as
demonstratedby the difference in the response of realizationA and
realization B). Moreover, although the controllers are designed on
the basis of the missile dynamics relative to trim conditions,the mis-
sile motion in this example is not con� ned to small perturbations
about trim but rather involvesaggressivemaneuvering,which takes
the missile far from equilibrium. The assumptions underlying the
conventional gain-scheduling procedure are clearly not met. Nev-
ertheless, the controller realization A does meet the performance
speci� cation. Hence, the potential clearly exists to extend the gain-
schedulingdesign methodologyto accommodate situations,such as
the present example, where the conventional approach is no longer
warranted.

The selection of an appropriate gain-scheduling controller re-
alization is considered by Refs. 13–15. The utility of the former
approach is, however, somewhat limited in general.16,17 In the lat-

ter approach, a controller realization is sought, which leads to the
weakest slow variation requirement within the context of conven-
tional gain scheduling, that is, on the basis of the plant dynamics
relative to the equilibriumoperatingpoints. However, the slow vari-
ation requirement can, in general, be further weakened by exploit-
ing knowledge of the plant dynamics at nonequilibrium operating
points.8 In the presentmissile example the controller realizationsdo
not belong to either of the classes studied by Refs. 13–15.

III. Velocity-Based Gain Scheduling
Despite the widespreadapplicationof gain-scheduledcontrollers,

conventional theoretical techniques for analyzing the dynamics of
gain-scheduled systems are rather poorly developed. A detailed
review is presented in Ref. 4. Because the conventional gain-
schedulingdesignapproachis basedon combininglinear controllers
designed on the basis of plant linearizations about a number of
equilibrium operating points, the resulting nonlinear controller is
only appropriate, in general, in the vicinity of the equilibrium op-
erating points. This, in turn, implies an inherent slow variation re-
quirement to keep the system trajectories close to the equilibrium
operating points. Nonetheless, the stability of the closed-loop dy-
namics, locally to a speci� c equilibrium operating point, can be
analyzed by series expansion linearization theory. In addition, pro-
vided the family of equilibrium operating points can be parame-
terized by the input to the closed-loop system, frozen-input theory
can be employed to analyze certain dynamic properties near the
family of equilibrium operating points. However, the latter analysis
is restricted to a small neighborhood of the equilibrium operating
points. Furthermore, it is based on a frozen-input representationof
the controlled system, which is quite distinct from the mixed series-
expansion/frozen-scheduling variable representation employed in
the conventionalgain-schedulingdesign procedure. (In the conven-
tional gain-scheduling approach a nonlinear controller is obtained
by combining, in some manner, the members of a family of linear
controllers.A typical procedure is simply to let the schedulingvari-
able vary over the linear controller family while neglecting the in-
put, output, and state transformationsrelating the input, output, and
state of the nonlinearplant and controllerto the perturbedquantities
with respect to which the members of the linear plant and controller
families are described. Hence, although the series expansion lin-
earizations of the plant are employed in the design procedure, the
corresponding local controller designs are frozen-schedulingvari-
able linearizations of the resulting nonlinear controller.) Similarly,
although the frozen-schedulingvariable linearization is employed
during the design procedure, the series expansion linearization of
the controller is employed when analyzing the dynamic behavior
locally to a single equilibrium operating point. Hence, the analysis
of the dynamic properties of the controlled system near a speci� c
equilibrium operating point does not reduce to either the series ex-
pansion analysis or the mixed series-expansion/frozen-scheduling
variable analysis employed in the design procedure. The foregoing
analysis tools thereforeprovide limited support for the conventional
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gain-schedulingdesign approach and are unsuitable for investigat-
ing theapplicationof gainschedulingto � ightcontrol taskswhen the
aircraft motion may take it far from equilibrium and the scheduling
variable may not be slowly varying.

The velocity-based analysis and design framework, proposed
recently in Refs. 4, 8, and 9, associates a linearization with ev-
ery operating point of a nonlinear system, not just the equilibrium
operating points. The approach thereby relaxes the restriction to
near-equilibrium operation while maintaining the continuity with
linear methods, which is a principle advantageof conventionalgain
scheduling. Moreover, the velocity-basedapproach does not inher-
ently involve a slow variation requirement. It therefore provides an
appropriate framework within which to investigate the relaxation
of the restrictions associated with conventional gain scheduling. In
contrast to the conventional analysis methods just discussed, the
velocity-based framework provides a uni� ed framework for gain-
schedulinganalysisanddesign,whichusesa singletypeof lineariza-
tion, namely, the velocity-basedlinearization,for both analysis and
design. It is brie� y summarised next.

Consider the nonlinear system

Çx = F(x, r), y = G(x, r) (14)

where F(¢ , ¢ ) and G(¢ , ¢ ) are differentiablewith bounded, Lipschitz
continuous derivatives. The set of equilibrium operating points of
the nonlinear system [Eq. (14)] consists of those points (x0 , r0) for
which

F(x0, r0) = 0 (15)

Let U : < n £ < m denote the space consisting of the product of the
state x with the input r. The set of equilibrium operating points of
the nonlinearsystem [Eq. 14)] forms a locus of points (x0, r0) in U ,
and the response of the system to a general time-varying input r(t )
is depicted by a trajectory in U .

Suppose that the nonlinearsystem (14) is evolvingalong a trajec-
tory [x(t), r(t )] in U and at time t1; the trajectory has reached the
point (x1, r1). From Taylor-series expansion theory the subsequent
behavior of the nonlinear system can be approximated, locally to
the point, (x1 , r1) by the � rst-order representation

d Çx̂ = F(x1 , r1) + r x F(x1, r1) d x̂ + r r F(x1 , r1) d r (16)

d ŷ = r x G(x1, r1) d x̂ + r r G(x1, r1) d r (17)

d r = r ¡ r1 , ŷ =G(x1, r1) + d ŷ, x̂ = d x̂ + x1, Çx̂ = d Çx̂
(18)

provided x1 + d x̂ µ Nx r1 + d r µ Nr , where the neighborhoods Nx

and Nr of, respectively,x1 and r1 are suf� ciently small. The expan-
sion is carried out relative to the � xed operating point (x1, r1) as
opposed to a trajectory passing through (x1 , r1), and the derivative
of x1 is, therefore,zero. Equations (16–18) is a well-de� ned system
in its own right, distinct from the nonlinear system (14), with state
d x̂. Furthermore, the point (x1 , r1) need not be an equilibrium op-
erating point and, indeed, can lie far from the locus of equilibrium
operatingpoints. When d x̂(t1) is zero, the solution x̂(t ) to Eqs. (16–

18), initially at time t1, is tangential to the solution x(t ) of Eq. (14).
Indeed, locally to time t1 , x̂(t) provides a second-orderapproxima-
tion to x(t), and ŷ(t ) provides a � rst-order approximation to y(t )
(Ref. 4).

The solution x̂(t ) to the � rst-order series expansion [Eqs. (16–

18)], provides a valid approximationonly while the solution x(t ) to
the nonlinear system remains in the vicinity of the operating point
(x1, r1). However, the solutionx(t ) to the nonlinearsystem need not
stay in the vicinity of a single operatingpoint. Consider the time in-
terval [0, T ]; the initial time can, without loss of generality, always
be taken as zero. An approximation to x(t ) is obtained by parti-
tioning the interval into a number of short subintervals.Over each
subintervalthe approximatesolutionis the solutionto the � rst-order
series expansion relative to the operatingpoint reachedat the initial
time for the subinterval (with the initial conditions for each subin-
terval chosen to ensure continuityof the approximatesolution). The

number of local solutions employed is dependenton the durationof
the subintervals,but the local solutionsare accurate to second order,
that is, the approximationerror is proportionalto the durationof the
subinterval cubed. Hence, as the number of subintervals increases,
the approximationerror associatedwith each rapidly decreases,and
the overall approximation error also decreases. Indeed, the over-
all approximation error tends to zero as the maximum size of the
subintervals tends to zero.4 Hence, the family of � rst-order series
expansions,with members de� ned by Eqs. (16–18), can provide an
arbitrarily accurate approximation to the solution of the nonlinear
system. Moreover, this approximationproperty holds throughout U
and is not con� ned to the vicinity of a single equilibrium operating
point or even of the locus of equilibrium operating points.

However, the state, input, and output transformations [Eq. (18)]
depend on the operatingpoint relative to which the series expansion
is carried out. When the solution to the nonlinearsystem is con� ned
toa neighborhoodabouta singleoperatingpoint,the transformations
[Eq. (18)] are static, and the dynamic behavior is described by the
system (16) and (17) alone. However, when the solution to the non-
linear system traces a trajectory that is not con� ned to a neighbor-
hood about a single operating point, the transformations[Eq. (18)]
are no longer static,and the dynamicbehavioris no longerdescribed
solely by the system (16) and (17). Instead, the dynamic behavior
is described by Eqs. (16–18). Combining Eqs. (16) and (17) with
the local input, output, and state transformations [Eq. (18)], each
member [Eqs. (16–18)] of the family of � rst-order representations
can be reformulated as

Çx̂ = [F(x1, r1) ¡ r x F(x1 , r1)x1 ¡ r r F(x1, r1)r1]

+ r x F(x1 , r1)x̂ + r r F(x1 , r1)r (19)

ŷ = [G(x1, r1) ¡ r x G(x1 , r1)x1 ¡ r r G(x1, r1)r1]

+ r x G(x1 , r1)x̂ + r r G(x1 , r1)r (20)

In contrast to the representation[Eqs. (16) and (17)], the state, input,
and output are now the same for all members of the reformulated
family. The dynamics [Eqs. (19) and (20)] of an individualmember
of the family are af� ne rather than linear even when (x1 , r1) is an
equilibriumoperating point.The inhomogeneousterms in Eqs. (19)
and (20) can, in general, be extremely large and can dominate the
solution.

On differentiatingEqs. (19) and (20),

Çx̂ = ŵ (21)

Çŵ = r x F(x1 , r1)ŵ + r r F(x1 , r1) Çr (22)

Çŷ = r x G(x1 , r1)ŵ + r r G(x1, r1) Çr (23)

The system [Eqs. (21) and (23)] is dynamically equivalent to the
system [Eqs. (19) and (20)], in the sense that with appropriateinitial
conditions, namely,

x̂(t1) = x1, ŵ(t1) = F(x1 , r1), ŷ(t1) = G(x1, r1) (24)

the solution x̂ to Eqs. (21–23) is the same as the solution x̂ to
Eqs. (19) and (20). However, in contrast to Eqs. (19) and (20),
the transformed system [Eqs. (21–23)] is linear. The relationship
between the nonlinear system and its velocity-based linearization
[Eqs. (21–23)] is direct. DifferentiatingEq. (14), an alternativerep-
resentation of the nonlinear system is

Çx = w (25)

Çw = r x F(x, r)w + r r F(x, r) Çr (26)

Çy = r x G(x, r)w + r r G(x, r) Çr (27)

Dynamically Eqs. (25–27), with appropriate initial conditions cor-
responding to Eqs. (24), and Eq. (14) are equivalent (have the same
solution x). [When w =F(x, r), y =G(x, r) is invertible so that x
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can be expressedas a functionof w, r and y, then the transformation
relating Eqs. (25–27) to Eq. (14) is, in fact algebraic.] When

x̂(t1) = x(t1), ŵ(t1) = w(t1), ŷ(t1) = y(t1) (28)

x̂(t ) and ŷ(t ) still provide a second- and � rst-order approximation
to, respectively, x(t ), y(t ), and ŵ(t ) provides a � rst-order approx-
imation to w(t ) (Ref. 4). Clearly, the velocity-based linearization
[Eqs. (21–23)], is simply the frozen form of Eqs. (25–27) at the
operating point (x1 , r1).

There exists a velocity-basedlinearization[Eqs. (21–23)] for ev-
ery point in U . Hence, a velocity-based linearization family, with
members de� ned by Eqs. (21–23), can be associated with the non-
linear system, Eq. (14). Similarly to the family of � rst-order expan-
sions, the solutions to the members of the family of velocity-based
linearizations[Eqs. (21–23)] can be pieced together (with the initial
conditions for each subinterval chosen to ensure continuityof x̂, ŵ,
and ŷ) to approximate the solution to the nonlinear system (25–

27) to an arbitrary degree of accuracy.4 Hence, the velocity-based
linearization family embodies the entire dynamics of the nonlin-
ear system [Eq. (14)], with no loss of information and provides
an alternative representationof the nonlinear system. Although the
velocity-based representation is equivalent to the direct represen-
tation [Eq. (14)] in the sense that they each embody the entire dy-
namics of the nonlinear system, they are not necessarily equivalent
with respect to other considerations. In particular, the direct rela-
tionship between the velocity form of the nonlinear system and the
velocity-basedlinearizationfamily and the linearityof the members
of the latter family provides continuity with established linear the-
ory, which, for example, facilitates analysis (Ref. 4) and controller
design.5,6

With regard to controller design, the velocity-basedlinearization
of the feedback combination of a plant and controller is simply the
feedback combination of the velocity-based linearizations of the
plant and controller.5 The followingvelocity-basedgain-scheduling
design procedure is, therefore, appropriate:

1) Determine the velocity-based linearization family associated
with the nonlinear plant dynamics.

2) Based on the velocity-based linearization family of the plant,
determine the required velocity-based linearization family of the
controller such that the resulting closed-loop family achieves the
performance requirements.Because each member of the plant fam-
ily is linear, conventional linear design methods can be used to
design each corresponding member of the controller family. Of
course, it is necessary to ensure that the members of the con-
troller family are, in some appropriate sense, compatible with one
another.

3) Implement a nonlinear controller with the velocity-based lin-
earization family designed at step 2. This step is discussed in detail
in Refs. 4 and 5. When the controller contains integral action, the
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controller velocity-based linearization family can be implemented
directly in the velocity-basedform [Eqs. (25–27)].

This design procedure retains a divide and conquer approach and
maintains the continuity with linear design methods, which is an
important feature of the conventional gain-scheduling approach.
However, in contrast to the conventionalgain-schedulingapproach,
the resulting nonlinear controller is valid throughout the operating
envelope of the plant, not just in the vicinity of the equilibrium op-
erating points. This extension is a direct consequenceof employing
the velocity-based linearization framework rather than the conven-
tional series expansion linearizationabout an equilibriumoperating
point.

Stability of the nonlinear closed-loop system is guaranteed pro-
vided the members of the closed-loop velocity-based linearization
family are uniformly stable; the mapping from w to x is bounded
[e.g., when r x F(x, r) is integrable and the integral uniformly in-
vertible], and the class of inputs and initial conditions is restricted
to limit the rate of evolution of the solution trajectories to be suf� -
ciently small.4 In addition,provided that the rate of evolution is suf-
� ciently slow, the nonlinear system inherits the stability robustness
of the members of the velocity-based linearization family. Never-
theless, the velocity-based gain-scheduling methodology does not
inherently involve a slow variation requirement, rather, a number of
factors that are a function of the controller design and that the de-
signer is free to adjust contribute toward any limitation on the rate
of evolution of the trajectories. A primary factor that contributes
toward any slow variation requirement is the degree of similarity
between the dynamics of the velocity-based linearizations, of the
closed-loopsystem, associatedwith differentoperatingpoints. This
determines the degree of nonlinearityof the closed-loopsystem and
is largely dependent on the performance speci� cation. A secondary
factor is the choiceof controllerrealization,which, in contrast to the
foregoing, is often subject to relatively few restrictions. Although
the transferfunctionof eachmemberof thecontrollervelocity-based
linearizationfamily is unchangedby a nonsingularstate transforma-
tion, which is different for each member of the family, the dynamics
of the nonlinear controller are changed. This issue is largely ne-
glected in the conventional gain-schedulingapproach and can also
be ignoredin the velocity-basedgain-schedulingapproachprovided
the rate of variation of the solution trajectories is suf� ciently slow
because the controller dynamics are then insensitive to the choice
of state (Appendix B). However, by choosing the controller real-
ization appropriately, any limitation on the rate of evolution of the
trajectoriescan be relaxed.When, for example, the controller is de-
signed such that closed-loop velocity-based linearizationshave the
same input-output dynamics at every operating point and compati-
ble states, there is no restrictionwhatsoeveron the rate of evolution,
and the gain-scheduled controller can be interpreted as a dynamic
inversion controller.9 Of course, the velocity-basedgain-scheduling
approach is not con� ned to the design of dynamic inversion con-
trollers. Because a velocity-based linearization is associated with
every operating point, the controller can instead be designed such
that the closed-loop velocity-based linearizationsvary, in some ap-
propriatemanner, across the operatingenvelope, for example, in the
context of � ight control, a uniform response is often undesirable
in piloted aircraft and a degradation in the response to warn of the
onset of stall can be preferred.

IV. Velocity-Based Analysis of Missile Example
By differentiating, the nonlinear missile dynamics [Eq. (1)] can

be reformulated in the velocity-basedform

Çx = w (29)

Çg z = 0
1
m

@Z

@a
(½) w +

1
m

@Z

@q̄
(½)

1
m

@Z

@M̄
(½) 0

1
m

@Z

@d
(½) Çr

(31)

where

x = [q a ]T , w = [ Çq Ça ]T , r = [q̄ M̄ V d ]T

A. Classical Situation
Before considering more general situations, the conventional

gain-scheduling design approach is analyzed within the velocity-
based framework. Assume that the aerodynamic moment and force
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are linear with respect to incidence and elevator angle and that
@M / @a , @M / @d , @Z / @a , and @Z / @d do not depend on the angle
of incidence a or the elevator angle d , that is,

M =
@M

@a
(½) a +

@M

@d
(½) d + M e (½)

Z =
@Z

@a
(½) a +

@Z

@d
(½) d + Z e (½) (32)

where the scheduling variable ½ does not depend on the incidence
and elevator angles. This assumption is clearly satis� ed in the
present missile example, in which the elements of the scheduling
variable ½ are airspeed, dynamic pressure, and Mach number, and
is almost always satis� ed for conventionalaircraft and missile con-
� gurationsin normal operationout of stall (see, for example, Ref. 3,
p. 103).

Under these conditions the missile dynamics [Eqs. (29–31)] can
be reformulated as

Çx = w, Çw =
0 M a (½)

1 Z a (½)
w +

M d (½)

Z d (½)
Çd + "w

Çg Z = [0 Z a (½)V (½)]w + Z d (½)V (½) Çd + "g (33)
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¡ Z a (½)V (½) Ça ¡ Z d (½)V (½) Çd (34)

and M a (½), M d (½), Z a (½), and Z d (½) are obtained by allowing the
scheduling variable ½ to vary in Eqs. (7). Assume that the schedul-
ing variable ½ is suf� ciently slowly varying that "w and "g can be
neglected in Eqs. (33), that is, the nonlinear missile dynamics are
described by

Çx = w, Çw =
0 M a (½)

1 Z a (½)
w +

M d (½)

Z d (½)
Çd

Çg Z = [0 Z a V ]w + Z d V Çd (35)

The members of the family of velocity-based linearizations asso-
ciated with the missile dynamics are simply the frozen forms of
Eqs. (35). The assumption that "w and "g can be neglected is essen-
tially a requirement that the short period approximation is accurate.

In the velocity-based gain-scheduling approach a family of lin-
ear controllers is designed corresponding to the family of plant
velocity-basedlinearizations.The velocity-basedlinearizationfam-
ily includes linearizations of the plant at both nonequilibrium and
equilibrium operating points. In contrast, in the conventional gain-
schedulingapproacha family of linear controllersis designedcorre-
spondingto the family of series expansionlinearizationsof the plant
relative to the equilibrium operating points only. Nevertheless, the
conventional series expansion linearization [Eqs. (4) and (5)] rela-
tive to the equilibrium operating point at which d , q, a , g Z , and ½
are, respectively, equal to d 0 , q0 , a 0, g Z0 , and ½0 , can be expressed
in state-space form as

D Çq

D Ça
=

0 M a (½0)

1 Z a (½0)

D q

D a
+

M d (½0)

Z a (½0)
D d

D g Z = [0 Z a (½0)V (½0)]
D q

D a
+ Z d (½0)V (½0) D d (36)

together with the input, output, and state transformations

D d = d ¡ d 0, q = q0 + D q, a = a 0 + D a

g Z = g Z0 + D g Z (37)

Clearly, in this example, the members of the conventional series
expansion linearization family are closely related to the members
of the velocity-based linearization family even though the states,
inputs, and outputs are different. In particular, the velocity-based
linearizationfamily can be determined directly, by inspection,from
the series expansion linearization family provided that there exists
an equilibrium operating point corresponding to every value in the
range of ½. This correspondenceis certainly not the case in general.
For example, the incidence and elevator angles are related at equi-
librium operatingpoints but not at nonequilibriumoperatingpoints;
that is, a 0 is a function of d , but a in general is not a function of
d and so every pair ( a , d ) does not correspond to a pair [a 0( d ), d ].
Hence, when the incidence and elevator angles are also elements
of the scheduling variable, the velocity-based linearization family
containsmembers thatdo not correspondto any of thoseof the series
expansion linearization family. Nevertheless, in the present missile
example the equilibrium operating points are parameterized by the
scheduling variable, which is quite typical of � ight-control appli-
cations where the elements of the scheduling variable are airspeed,
dynamic pressure, and Mach number. Consequently, the dynamics
at the equilibrium operating points embody the dynamics at every
operatingpoint and a gain-scheduledcontroller designedon the ba-
sis of the equilibrium dynamics can be valid even when operating
far from equilibrium, for example, during aggressive maneuvering.

In the conventional gain-scheduling approach a family of linear
controllers is designed, for example, Eqs. (10) and (11) or (12) and
(13), of the form

D Çx = A(½0) D x + B(½0) D r (38)

D d = c(½0) D x + d(½0) D r (39)

Exploiting the close relationshipbetween the plant series expansion
and velocity-based linearization families, the controller velocity-
based linearization family, obtained by substituting for the state,
input, and output in Eqs. (38) and (39),

Çx̂ = ŵ (40)

Çŵ = A(½1)ŵ + B(½1) Çr (41)

Çˆd = c(½1)ŵ + d(½1) Çr (42)

is appropriate for the velocity-based gain-scheduling approach. In
theconventionalgain-schedulingapproachthe linearcontrollerfam-
ily [Eqs. (38) and (39)] is typically implemented(ignoringthe input,
output, and state transformations associated with the perturbation
quantities D r, D d , D x) directly as the nonlinear controller

Çx = A(½)x + B(½)r, d = c(½)x + d(½)r (43)

The schedulingvariable ½ acts as an implicit input to the nonlinear
controllerEq. (43), in addition to the explicit input r. The velocity-
based linearizationof the nonlinear controller [Eq. (43)], at the op-
erating point (x1 , r1, ½1), is

Çx̂ = ŵ (44)

Çŵ = A(½1)ŵ + B(½1) Çr + "ŵ (45)

Ç
±̂ = c(½1)ŵ + d(½1) Çr + e ˆd (46)

where

"ŵ = r q [A(½)x]j q = q 1
x =x1

Ç½ + r q [B(½)r1]j q = q 1
r =r1

Ç½

e ˆd = r q [c(½)x]j q = q 1
x =x1

Ç½ + r q [d(½)r]j q =q 1
r =r1

Ç½ (47)

Assuming that the rate of variationof½ is suf� cientlyslow, "ŵ and e ˆd
are small and can be neglected in Eqs. (44–46); that is, the velocity-
based linearization family of the implemented nonlinear controller
is, indeed, the required family [Eqs. (40–42)]. Although the transfer
functionof each memberof the linear controllerfamily is unchanged
by a nonsingular state transformation, which is different for each
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member of the family, the dynamics of the correspondingnonlinear
controller are changed (see Appendix B). However, the difference
in dynamics can be made arbitrarily small by restricting the rate of
variationof the schedulingvariable½.Becausethis issue is neglected
in the conventional gain-schedulingapproach, assume that the rate
of variation of ½ is suf� ciently slow so that the nonlinear controller
dynamics are insensitive to the choice of state in the velocity-based
linearization family and to the choice of controller realization.

Clearly, the velocity-basedanalysis provides a rigorous basis for
the conventional gain-scheduling approach of designing a family
of linear controllers on the basis of the family of series expansion
linearizations and employing a direct controller realization of the
form [Eq. (43)]. Strong support for the utility of the velocity-based
paradigm in the context of the conventional gain-scheduling de-
sign approach is provided by its ability to provide an analytic basis
for a number of, previously apparently undesirable, aspects of the
conventionalapproachincluding1) the practiceof neglectingthe in-
put, output, and state transformationsassociatedwith the linearized
descriptions used in analysis and design and 2) the use of frozen
scheduling-variable controller linearizations in the design proce-
dure. The latter linearizationneglects the variations in the schedul-
ing variable and differs from the series expansion linearization of
the nonlinear gain-scheduled controller at the relevant equilibrium
operating point. Moreover, the analysis shows that because the dy-
namics at the equilibriumoperating points embody the dynamics at
every operating point a gain-scheduled controller designed on the
basis of the equilibriumdynamics can be valid, albeit inadvertently,
even when operating far from equilibrium.The latter result is quite
encouraging because it indicates that the utility of gain-scheduled
controllers is considerably greater than suggested by conventional
gain-schedulinganalysis.

B. Airspeed, Dynamic Pressure, and/or Mach Number
not Slowly Varying

The analysisof Sec. IV.A establishesa rigorousbasis for the con-
ventional gain-scheduling design approach as typically applied in
� ight-controlapplications.However, a number of conditions are re-
quired for the conventional approach to be valid. These conditions
include the requirements that the short period approximation is ac-
curate, the aerodynamic moment and force are linear with respect
to incidence and elevator angle, the equilibrium operating points
parameterize the scheduling variable ½, and, in addition, ½ varies
suf� ciently slowly so that the nonlinear controller dynamics are in-
sensitive to the choice of state and the velocity-based linearization
family of the controller is directly related to the conventionalseries
expansion linearization family. The short period approximation is
well establishedand known to be accuratefor a wide varietyof � ight
con� gurations and operating conditions.3,12 Similarly, during con-
ventional operation out of stall, the aerodynamicmoment and force
are frequently approximately linear in incidence and elevator an-
gle (see, for example, Ref. 3, p. 103), and the equilibriumoperating
pointsparameterize½ providedschedulingwith respect to incidence
is not required. However, the validity of the � nal assumption that ½
is suf� ciently slowly varying is less clear.

It follows from the analysis of Sec. IV.A that when the rate of
variationof½ is suf� cientlyslowthe transferfunctionsof the closed-
loop velocity-based linearizations are the same with controller re-
alizations A and B and the dynamics of the nonlinear controllers
are similar. However, whereas the airspeed, dynamic pressure, and
Mach number usually vary slowly in comparison to the incidence
angle, these scheduling variables are directly related to normal ac-
celeration. Hence, particularly during aggressive maneuvering, the
scheduling variable ½ is not a priori slowly varying with respect to
the dynamics of the acceleration control loop. This is illustrated by
the simulation results presented in Sec. III, where the closed-loop
dynamics are signi� cantly different with controller realizations A
and B, and inspection of Figs. 2 and 4 reveals that the only differ-
ence between the controller realizations lies in the position of the
scheduledgain in the acceleration outer loop. The sensitivityof the
performanceto changesin the controllerrealizationprovides,there-
fore, a direct and immediately relevant indication of the strength of
the controllernonlinearityinducedby thevariationof the scheduling

variables. In a similar manner simulation studies indicate that the
performance in this example is (unlike the acceleration outer-loop
controller) insensitive to the choice of realization of the incidence
inner-loop controller.

Because the dependence of the controller dynamics on the
choice of realizationis a purely nonlinear effect, conventionalgain-
scheduling analysis provides little insight into this issue. In the
present example the requirement is for uniform closed-loop dy-
namics across the operating envelope, that is, for a dynamic inver-
sion type of controller.Of course, general nonlinear control design
methods such as feedback linearization7,18 or the velocity-based
gain-scheduling approach proposed in Ref. 9 can be employed to
designa dynamicinversioncontroller.However, in thepresent� ight-
control context a rather simple approach is possible by exploiting
the speci� c structure of the missile and controller dynamics. First,
the controlleris designedso that the dynamicsof the incidence inner
loop are suf� ciently fast, comparedto thoseof the accelerationouter
loop, so that the incidenceangle can be assumed to track accurately
the demanded incidence angle; that is, a equals a d + e a where e a is
small. [Because a is not measured, the inner loop ensures that the
estimated incidence angle ˆa tracks a d . It follows from Eq. (48) that
Ça ¡ Çˆa = Z a (½)( a ¡ ˆa ), and provided Z a is negative, ˆa is an accu-
rate (after some initial transients) estimate of a .] Second, it follows
from Eqs. (32) that

g Z = Z a (½)V a + Z d (½)V d + Z e (½) / m (48)

where it is assumed, when designing the controller, that Z d and Z e

are suf� ciently small so that Z d (½)V d + Z e (½) / m can be treated as
a minor disturbance (in fact Z e is zero in the present example). In
controller realization A the incidence demand satis� es

a d = w 2
n Z a (½)V x4 (49)

where x4 is related to the normal acceleration error by linear dy-
namics with the transfer function

x4(s) = [1/ s(s + 2 | wn)] g Zd (s) ¡ g Z (s) (50)

Hence,

g Z = w 2
n x4 + Z a (½)V e a + Z d (½)V d + Z e (½) / m (51)

and it follows that the normal acceleration dynamics, in pseudo-
transfer function form, are

g Z (s) =
w2

n

s2 + 2| wns + w 2
n

g Zd (s) +
s2 + 2 | wns

s2 + 2 | wns + w 2
n

Z d (½)V d

+
Z e (½)

m
+ Z a (½)V e a (52)

where s denotesthe d/dt operator.By assumption, Z d (½)V d , Z e (½) /
m and Z a (½)V e a are suf� ciently small so that they can be neglected
in Eq. (52), and the normal acceleration is linearly related to the
accelerationdemand g Zd as required. Hence, by adoptingan appro-
priate controller realization,namely, realizationA, the conventional
gain-schedulingapproachcanbe extendedin a straightforwardman-
ner to accommodate situations where the airspeed, dynamic pres-
sure, and Mach number are not slowly varying. Conversely, a poor
choice of controller realization can lead to unnecessaryrestrictions
on the operating envelope.

The requirement [Eq. (48)] can be relaxed to one so that the
acceleration is of the form

g Z = z a (½)V a + z e (½)V (53)

provided that, in the foregoing analysis, Z a V is replaced by z a V ,
and Z d V d and Z e / m are replaced by z e V . The condition [Eq. (53)]
is quite weak; for example, employing a partial series expansionof
Z with respect to a ,
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(54)
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where (Z / m)0 is the acceleration when a is zero and the assump-
tion is made that Z is suf� ciently differentiable. The term (Z / m)0

is simply a trim offset that can be treated as a constant disturbance
and neglected for the purposes of control design. The in� nite series
expansion [Eq. (54)] can, of course, be truncated provided the re-
sulting approximation to g Z is suf� ciently accurate over the range
of incidence angles associated with the allowable � ight envelope.

C. Aerodynamic Force and Moment Nonlinearly Related
to Incidence Angle

In the foregoing analysis the assumption is made that the aero-
dynamic moment and force are linear with respect to the incidence
and elevatorangles; that is, @M / @a , @M / @d , @Z / @a , @Z / @d do not
depend on incidence or elevator angle, and schedulingwith respect
to incidence and elevator angle is not necessary. This is frequently
the case during conventional operation out of stall (Ref. 3, p. 103),
and scheduling with respect to the instantaneous incidence angle is
traditionally avoided5 (as opposed to, for example, � ap scheduling
with respect to average incidence obtained using a low-pass � lter
with very low bandwidth). However, scheduling with respect to the
instantaneous incidence angle is likely to be required in, for exam-
ple, future supermaneuverableaircraft.5,6

When @M / @a , @M / @d , @Z / @a , @Z / @d depend on the incidence
and/or elevatorangles, the analysisof Sec. IV.A and B remains valid
providedthat the schedulingvariablenowincludesthe incidenceand
elevator angles.However, because the incidenceand elevatorangles
almost always vary considerably more rapidly than the airspeed,
dynamicpressure,and mach number, the schedulingvariablecannot
now be assumed to be slowly varying. In particular, it cannot be
assumed to be slowly varying with respect to the incidence inner-
loop dynamics. Hence, the pitch dynamics can be expected to be
sensitiveto thechoiceof realizationof both the inner- and outer-loop
controllers. Moreover, although the incidence and elevator angles
are related at equilibrium operating points, this is not the case at
nonequilibrium operating points. Hence, when the incidence and
elevatoranglesare elementsof the schedulingvariable, the velocity-
based linearizationfamily containsmembers that do not correspond
to any of those of the series expansion linearization family, and a
gain-scheduled controller designed on the basis of the equilibrium
dynamicsmay not be validwhen operatingfar from equilibrium,for
example,duringaggressivemaneuvering.This observationprovides
insight into some of the well-known dif� culties associated with
scheduling on a primary � ight variable such as incidence angle,
which need not be slowly varying (see, for example, Refs. 5 and 10).

To illustrate the performance degradation that can occur when
scheduling with respect to incidence and elevator angle, consider
a missile which is similar to that studied in Sec. II except that its
aerodynamic moment and force coef� cients are described by

CM = ¡ 0.3 f a ¡ 0.108 f sin(3 d ) (55)

CL = 0.000103 f 3 a 3 ¡ 0.00945 f 2 j a j a + ( ¡ 0.339

+ 0.056M̄) f a ¡ 0.034 f d (56)

The response, obtained using nonlinear simulations, with non-
linear controller realization A [with values of the aerodynamic
derivatives corresponding to Eqs. (55) and (56)] to a sequence of
step demands in normal acceleration is shown in Fig. 5. The mis-
sile acceleration is unstable and diverges until the simulation fails
because of numeric over� ow. The airspeed, dynamic pressure, and
Mach number are held constant in the simulation to ensure that the
performancedegradationis purelya consequenceof thenonlinearity
of the aerodynamicmoment and force with respect to the incidence
and elevator angles. Evidently, the conventional gain-scheduling
approach is inadequate in this example.

In contrast to the conventional gain-scheduling approach, the
velocity-basedgain-schedulingmethodologydoesnot inherentlyin-
volve a slow variation requirement and includes information about
the dynamics at both equilibrium and nonequilibrium operating
points. It therefore has the potential to support the design of an
incidence inner-loop controller that can accommodate rapid varia-
tions in the schedulingvariable and operation far from equilibrium.

Fig.5 Performance when aerodynamicmomentand force depend non-
linearly on incidence and elevator angles.

The dynamics of the missile are described, in velocity form, by
Eqs. (29–31). Assume that the short period approximation is accu-
rate and Z d is suf� ciently small so that its contribution to the pitch
dynamicscanbeneglected;that is, thepitchdynamicsare accurately
described by

Çx = w, Çw =
0 M a (½)

1 Z a (½)
w +

M d (½)

0
Çd , Ça = [0 1]w

(57)

where w =[ Çq Ça ]T . The members of the velocity-based lineariza-
tion family associatedwith the nonlinear dynamics are obtained by
simply freezing the schedulingvariable ½ in Eqs. (57). The transfer
function, of the velocity-based linearization corresponding to the
value ½1 of the scheduling variable, is

Ça (s) = M d (½1) s2 ¡ Z a (½1)s ¡ M a (½1) Çd (s) (58)

The velocity-based linearizations have relative degree two; that is,
the differencebetween the orders of the numerator and denominator
of the transfer function is two. Letting

Çd = [1/ M d (½)][( u... + aü + b Çu) / b] (59)

where a and b are positive constants, the pitch dynamics may be
reformulated, with input Çu, as

Ç! =
0 M a (½)

1 Z a (½)
! +

M a (½) + b

b

Z a (½) + a

b

Çu

Ça = [0 1]! + (1/b) Çu (60)

with

! = w ¡
(ü + a Çu) /b

Çu /b

The velocity-based linearization of Eq. (60), associated with the
value ½1 of the scheduling variable, has the transfer function

Ça (s) =
1
b

s2 + as + b

s2 ¡ Z a (½1)s ¡ M a (½1)
Çu(s) (61)

and relative degree zero. Adopting a similar approach to that em-
ployed in Appendix A to design the linear family for the conven-
tional gain-scheduled controller, let the members of the controller
velocity-based linearization family have transfer functions

Çu(s) = b
s2 ¡ Z a (½1)s ¡ M a (½1)

s2 + as + b
Çv(s) (62)
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Fig. 6 Alternative representations of a nonlinear system.

which are simply the reciprocal of the transfer functions, [Eq. (61)]
of the augmented plant velocity-based linearizations. The cascade
combinationof each controllervelocity-basedlinearizationwith the
corresponding plant velocity-based linearization has unity transfer
function. The velocity-based linearizations of the cascade connec-
tion of the plant and controller are simply the cascade connection
of the appropriate velocity-based linearizations of the plant and
controller8 and so have unity transfer function. Owing to the di-
rect relationship between the velocity form of a nonlinear system
and its velocity-basedlinearizationfamily (Fig. 6), the dynamics of
the cascade combination of the nonlinear plant and controller have
linear dynamics with unity transfer function provided that the rate
of variation of the scheduling variable ½ is suf� ciently slow so that
the dynamics are insensitive to the choice of controller state.

The slowvariationrequirementcan be relaxedwhen thecontroller
state is selected appropriately.9 In the present case an appropriate
choice is

Çxi = wi , Çwi =
0 ¡ b

1 ¡ a
wi +

¡ M a (½) ¡ b

¡ Z a (½) ¡ a
Çv

Çu = [0 b]wi + b Çv (63)

The transfer function of the velocity-based linearizations of
Eqs. (63) associated with operating points at which ½ equals ½1 is
Eq. (62) and when Eqs. (63) are connectedin cascadewith Eqs. (60),
the incidence angle satis� es

Ça = [0 1]z + Çv (64)

where z =! + wi and

Çz =
0 M a (½)

1 Z a (½)
z (65)

To ensure internal stabilityof the cascade combination, assume that
the controller dynamics [Eq. (63)] are stable. Provided the unforced
dynamics [Eq. (65)] are also stable, z decays to zero, and the inci-
dence angle is related (after some initial transients) to v by linear
dynamics with unity transfer function. This approach to dynamic
inversion is a direct generalization to nonlinear systems of linear
pole-zero cancellation (quite distinct from feedback linearization).
It is discussed in detail in Ref. 9. Stability of Eqs. (63) and (65)
reduces, in the purely linear case, to the requirement that the trans-
fer function of the plant and its inverse are both stable, thereby
avoiding unstable pole-zero cancellation.The stability requirement
is not inherent to the velocity-based gain-scheduling approach but
rather is a feature of the pole-zero cancellation approach adopted
in this example to design the linear controller family on which the
gain-scheduledcontroller is based.

Letting the input to the dynamic inverse controller[Eqs. (63)], be

Çv(s) = [K1 / (s + K2)][ a d (s) ¡ a (s)] (66)

the closed-loop pitch dynamics are linear with

a (s) = K1 s2 + K2s + K1 a d (s) (67)

as required.Of course, because a measurementof a is not available,
the estimated incidence ˆa is employedwhen implementingEq. (66).
It follows from Eq. (53) that the solution to

Çˆa = z a (½) ˆa + z e (½) (68)

is an accurate estimate of a (after some initial transients that decay
to zero provided z a is negative).

Because u is an internal controller state, Çu and ü [required in
Eq. (59)] can be readily derived, without numerical differentiation,
from Eqs. (63) and (66); namely,

Çu = [0 b]wi + b Çv (69)

ü = b[1 ¡ a]wi ¡ [Z a (½) + a] Çv + b{ ¡ K2 Çv

+ K1[ a d (s) ¡ a (s)]} (70)

However, to derive u... requires Ça d , Ça , and dZ a (½) / dt , which may
not be directly available. Alternatively, therefore, assume that the
nonlinear mapping M ( d , ½m), relating the aerodynamic moment to
the elevator angle d and schedulingvariable ½m (which may depend
on the airspeed, incidence angle, etc., but not on d ), is invertible
in the sense that there exists an elevator angle d = M ¡ 1(M , ½m),
corresponding to every pair (M , ½m ). This invertibility condition is
rather weak and simply requires that the aerodynamic moment is
controllable throughout the � ight envelope. Letting

d = M ¡ 1{Iyy[M̂ a a + (ü + a Çu + bu) / b], ½m} (71)

the pitch dynamics can once again be reformulated as Eqs. (60),
with M a (½) replaced by the constant M̂ a . The input transformation
[Eq. (71)] does not require the calculation of u....

There is no slow variation condition associated with the fore-
going inner-loop controller (other than that implied by the initial
modeling assumption stating that the short period approximation
is accurate). When the velocity-based inner-loop controller is em-
ployed and the outer-acceleration-loop controller is as in realization
A, the responseobtained in the foregoingmissile example is shown
in Fig. 5. In contrast to the conventional gain-scheduledcontroller,
the velocity-basedcontroller attains the speci� ed performance of a
uniform normal acceleration step response over the � ight envelope
with rise time of around 0.3 s and overshoot less than 25%. This is
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achieved while retaining the divide and conquer approach and con-
tinuity with linear design methods, which are important features of
the conventionalgain-schedulingapproach.Moreover,althoughnot
pursued further here, the velocity-based gain-scheduling approach
is not con� ned to the design of dynamic inversion controllers: be-
cause a velocity-based linearization is associated with every op-
erating point, the controller can instead be designed such that the
closed-loopvelocity-based linearizationsvary, in some appropriate
manner, across the operating envelope.8

D. Short Period Approximation Inaccurate
The foregoingsectionsemployprogressivelyweakerassumptions

about the characteristicsof the missile dynamics, but the fundamen-
tal assumption remaining in Sec. IV.C is that the short period ap-
proximation is accurate. However, this requirement can be readily
relaxed by letting

Çd = Çˆd ¡ e / M d (½) (72)

where

e =
d(M / Iyy)

dt
¡

1
Iyy

@M

@a
Ça ¡

1
Iyy

@M

@d
Çd

+
d

dt

d(Z / mV )

dt
¡

1
mV

@Z

@a
Ça (73)

It follows from Eqs. (29–31) that the pitch dynamics can be refor-
mulated as

Çx = w, Çw =
0 M a (½)

1 Z a (½)
w +

M d (½)

0
Çˆd , Ça = [0 1]w

(74)

provided M d is not zero. The pitch dynamics [Eqs. (74)], are in the
form required by the analysis of Sec. IV.C, which can be reapplied
to determine a suitable nonlinear controller.

Alternatively, consider the case when the nonlinear mapping
M( d , ½m ), relating the aerodynamicmoment to the elevator angle d
and schedulingvariable ½m (which does not depend on d ), is invert-
ible in the sense that there exists an elevator angle d = M ¡ 1(M , ½m )
corresponding to every pair (M , ½m). Let

d = M ¡ 1[Iyy( M̂ a a + ˆd ¡ e Z ), ½m] (75)

where

e Z =
d(Z / mV )

dt
¡

1
mV

@Z

@a
Ça (76)

The missile pitch dynamics can be reformulatedas in Eq. (74) [with
M a (½) replaced by the constant M̂ a and M d (½) unity]. The expres-
sion for e Z is somewhat simpler than that for e and, in particular,
involves only the � rst time derivative of Z / mV .

It is evident from the foregoing that, in comparison to Sec. IV.C,
only a relatively small increase in mathematical complexity is
required to relax the short period requirement. However, measure-
ments/estimates of the time derivatives of airspeed, dynamic pres-
sure, and Mach number are typically required, which can, in prac-
tice, be dif� cult to obtain reliably. These measurements/estimates
are also necessaryin other controlapproaches,such as feedback lin-
earization (see, for example, Ref. 7), and appear to be unavoidable
in the general case when the requirement is for uniform dynamics
across the � ight envelope.

V. Conclusions
Gain scheduling is widely and successfully employed in � ight-

control applications, where high performance has to be achieved
over a broad operating envelope. Nevertheless, conventional the-

oretical techniques for analyzing the dynamics of gain-scheduled
systems are poorly developed and provide little support for the
gain-scheduling design approach. Moreover, the suitability of the
conventional gain-scheduling approach for designing controllers,
which can accommodate, for example, aggressivemaneuvering far
from equilibriumand operation at high angles of attack/poststall, is
unclear. In particular,the sensitivityof gain-scheduledcontrollersto
the choice of nonlinear realizationwhen the scheduling is not suf� -
cientlyslowly varyingand thedif� cultiesassociatedwith employing
incidence angle as a scheduling variable is well known. There is,
consequently, interest in the literature in alternative nonlinear con-
trol design approaches such as dynamic inversion.However, owing
to the substantialbodyof experiencethat has been accumulatedwith
gain-schedulingmethods both with regard to meeting performance
requirements and also such practical issues as safety certi� cation,
there is a strong incentive to retain the gain-scheduling approach
while resolving the foregoing dif� culties. The recently developed
velocity-based analysis framework associates a linear system with
every operatingpoint of a nonlinearsystem, not just the equilibrium
operating points, and so is not con� ned to near equilibrium opera-
tion and does not inherently involve a slow variation requirement.
Furthermore, it provides a natural and uni� ed framework for gain-
scheduling analysis and design that addresses many of the short-
comings of conventionalgain-schedulinganalysis and design while
retaining the continuity with linear methods, which is the principle
feature of the conventional approach.

In this paper the conventional gain-scheduling design approach
to controlling the longitudinal dynamics of a missile is shown to
be equivalent to the velocity-based gain-scheduling approach pro-
vided that 1) the short period approximation is accurate; 2) the
aerodynamicmoment and force are linear with respect to incidence
and elevator angle; 3) the equilibrium operating points parameter-
ize the scheduling variable; and 4) the scheduling variable varies
suf� ciently slowly that the nonlinearcontrollerdynamics are insen-
sitiveto the choiceof realizationand the velocity-basedlinearization
family of the controller is directly related to the conventionalseries
expansion linearization family.

The analysis thereby establishes a rigorous basis for the conven-
tional gain-schedulingdesign approach.Strong support for the util-
ity of the velocity-basedparadigmin the context of the conventional
gain-schedulingdesignapproachis providedby its ability to provide
an analyticbasis for a numberof, previouslyapparentlyundesirable,
aspectsof the conventionalapproachincluding1) the practiceof ne-
glecting the input, output, and state transformationsassociatedwith
the linearized descriptions used in analysis and design and 2) the
use of frozen scheduling-variable controller linearizations in the
design procedure.The latter linearizationneglects the variations in
the scheduling variable and differs from the series expansion lin-
earizationof the nonlinear gain-scheduledcontroller at the relevant
equilibrium operating point. In addition, although the conventional
gain-scheduling design approach is based on the linearizations of
the plant about equilibrium operating points, it is shown that, under
the foregoing conditions, the resulting gain-scheduled controller is
valid, albeit inadvertently, even when operating far from equilib-
rium. The latter result is quite encouragingbecause it indicates that
the utility of gain-scheduledcontrollers is considerablygreater than
suggested by conventional gain-schedulinganalysis.

In addition to providing insight into the conventional gain-
schedulingapproach, the velocity-basedanalysis and design frame-
work is employed to design gain-scheduledcontrollers, which pro-
gressively relax the restrictions (1–4) required by the conventional
approach while retaining,as far as possible, the continuitywith lin-
ear design methods of conventional gain scheduling. In particular,
rigorousinsightis therebyprovidedinto issuessuchas the sensitivity
of gain-scheduled controllers to the choice of nonlinear realization
and the dif� culties associatedwith employing the incidence and el-
evator angles as scheduling variables. This insight is exploited to
develop gain-scheduled control designs that resolve these issues,
and the effectiveness of these designs is illustrated by a number of
simulation trials.

Although illustrated with reference to a simple missile example,
the analysis and design techniques developed are, of course, also
relevant to other � ight-control applications.
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Appendix A: Missile Gain-Scheduled Controller
The requirement is to design a family of local linear controllers

for the familyof linearplants[Eq. (9)]. A naturalchoiceof controller
con� guration is a cascaded inner-outer-loop arrangement that em-
ploys an attitude inner loop and a normal acceleration outer loop.
With this approach the acceleration outer loop supplies an angle of
incidence demand to the attitude inner loop based on the normal
acceleration demanded. First, consider the design of the inner-loop
controller. It follows from the short period dynamics [Eq. (9)] that,
locally to the equilibrium operating point ¼0, the transfer function
relating incidence angle to elevator angle is

D a (s) =
M d (½0)

s2 ¡ Z a (½0)s ¡ M a (½0)
D d (s) (A1)

where D a (s) and D d (s) are, respectively, the Laplace transforms
of D a and D d . Selecting

D d (s) =
K1

M d (½0)

[s2 ¡ Z a (½0)s ¡ M a (½0)]
s(s + K2)

[ D a d (s) ¡ D a (s)]

(A2)

where D a d is the incidencedemand from theouter-loopacceleration
controller, the closed-loop transfer function of the incidence loop is

D a (s) = K1 s2 + K2s + K1 D a d (s) (A3)

Of course, an angle of incidencemeasurement is not available in the
present example. However, it can be estimated from the pitch-rate
measurement using

D Çˆa = Z a (½0) D ˆa + Z d (½0) D d + D q (A4)

where D ˆa is the estimate of D a . The controller parameters K1 and
K2 are selected to ensure that the inner-loop dynamics have a sat-
isfactory natural frequency and damping while respecting the limi-
tations of the actuator and the need to avoid exciting elastic modes
of the airframe; in the present example values for these parameters
are selected that correspond to a natural frequency of 50 rad/s and
damping factor of 0.7.

Second, the design of the outer-loop normal acceleration con-
troller is addressed. A normal acceleration step response with rise
time (to 95% of � nal value) of around 0.3 s corresponds to a nat-
ural frequency of around 10 rad/s and a damping factor of 0.7.
Because the inner-loop bandwidth of 50 rad/s is large compared to
the required bandwidth of the acceleration loop, the design of these
loops is effectively decoupled; that is, the dynamics of the inner
loop may be neglected when designing the outer-loop controller.
This timescale separation is quite natural and, indeed, inherent to
the missile con� guration because a change in acceleration is initi-
ated by a change in incidence angle, and so incidence must always
change more rapidly than normal acceleration.Hence, the assump-
tion can be made in this context that D a equals D a d . Because the
sign of the coef� cient of d in CL is negative, the normal acceler-
ation in response to a change in the elevator angle d is initially in
the opposite direction; that is, the normal acceleration response is
nonminimum phase. However, the right-half plane zero associated
with the nonminimum phase character of the acceleration response
lies well outside the frequency range of interest and can, therefore,
also be neglectedwhen designingthe outer-loopcontroller.The gain
Z a V , relatingchangesin theangleof incidenceto changesin normal
acceleration, varies strongly with the � ight condition, and in order
to accommodate this variation, the gain of the outer-loopcontroller
must also be varied. An appropriate outer-loop controller transfer
function is, therefore,

D a d (s) =[1/ Z a (½0)V (½0)] w 2
n s(s + 2 | wn) D g Zd ¡ D g Z

(A5)

where D g Zd is the perturbation in the demanded normal accelera-
tion and wn = 10 rad/s and f =0.7. The correspondingclosed-loop
dynamicsobtainedwhen thisouter-loopcontrolleris combinedwith

the linearized plant dynamics [Eq. (5)] (neglecting the inner-loop
dynamics) are

D g Z (s) =
w2

n

s2 + 2| wns + w 2
n

D g Zd (s)

+
s2 + 2| wns

s2 + 2 | wns + w2
n

Z d (½0)V (½0) D d (A6)

Evidently, the term Z d (½0)V (½0) D d in Eq. (A6) is attenuated over
the controlbandwidth,and, consequently,thenormalaccelerationof
the missile D g Z is essentially related to the demanded acceleration
D g Zd by second-order dynamics with natural frequency 10 rad/s
and damping of 0.7, as required.

A family of linear controller transfer function designs is de� ned
by Eqs. (A2), (A4), and (A5), which corresponds to the family of
plant linearizations[Eq. (9)], and is parameterized by ½.

Appendix B: Sensitivity to Choice
of Controller Realization

The nonlinear system

Çx = w (B1)

Çw = r x F(x, r)w + r r F(x, r) Çr (B2)

Çy = r x G(x, r)w + r r G(x, r) Çr (B3)

has, at the operating point (x1, r1), the velocity-based linearization

Çx̂ = ŵ (B4)

Ç̂w = r x F(x1 , r1)ŵ + r r F(x1 , r1) Çr (B5)

Çŷ = r x G(x1, r1)ŵ + r r G(x1 , r1) Çr (B6)

Of course, the dynamics of a linear system are invariant under a
nonsingular state transformation.Consider, therefore, the nonlinear
system

ÇÂ = T(Â, r)! (B7)

Ç! = T ¡ 1(Â, r) r x F(Â, r)T(Â, r) x + T ¡ 1(Â, r) r r F(Â, r) Çr (B8)

Çº = r x G(Â, r)T(Â, r)! + r r G(Â, r) Çr (B9)

for which the velocity-based linearization, at the operating point
(x1, r1), is

ÇÂ̂ = T(x1, r1)!̂ (B10)

Ç!̂ = T ¡ 1(x1 , r1) r x F(x1 , r1)T(x1 , r1)!̂ + T ¡ 1(x1 , r1) r r F(x1, r1) Çr

(B11)
Çº̂ = r x G(x1, r1)T(x1, r1)!̂ + r r G(x1 , r1) Çr (B12)

where Â, !, ˆv , !̂ 2 < n and T(¢ , ¢ ) is a uniformly bounded non-
singular matrix, which is differentiable with uniformly bounded
derivatives. The velocity-based linearizations [Eqs. (B4–B6) and
(B10–B12)] are related by the nonsingular transformation

!̂ = T ¡ 1(x1 , r1)ŵ, Â̂ = x̂, º̂ = ŷ (B13)

and so are dynamicallyequivalent.A similar situation applies to the
velocity-based linearizations at other operating points. However,
letting

! = T ¡ 1(Â, r)z (B14)

the nonlinear system [Eqs. (B7–B9)] can be reformulated as

ÇÂ = z (B15)

Çz = r x F(Â, r)z + r r F(Â, r) Çr + " (B16)

Çº = r x G(Â, r)z + r r G(Â, r) Çr (B17)
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where " = ÇT(Â, r)T ¡ 1(Â, r)z. Hence, despite the dynamic equiva-
lence of the members of the velocity-based linearization families,
it is evident that the dynamics of the nonlinear systems [Eqs. (B1–

B3) and (B7–B9)] are not equivalent. The difference between the
dynamics is embodied by the perturbation term " and arises from
the variation of the state transformation [Eq. (B13)] with the op-
erating point. Nevertheless, the difference between the solutions to
the nonlinear systems [Eqs. (B1–B3) and (B15–B17)] over any � -
nite time interval is arbitrarily small provided the magnitude of " is
suf� ciently small (see, for example, Ref. 19, theorem 2.5).
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